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Abstract 



We consider irreducible cyclic representations of the algebra of mon- 
odromy matrices corresponding to the i?-matrix of the six-vertex model. 
I In roots of unity the Baxter Q-operator can be represented as a trace 

■ of a tensor product of L-operators corresponding to one of these cyclic 

' representations and satisfies the TQ-equation. We find a new algebraic 

structure generated by these L-operators, and as a consequence, by the 
Q-operators. 



Introduction. 



In his papers Baxter introduced the Q-operator and used it for solving of 
' the six-vertex model. The Q-operators form a family that commutes with a 

family of the transfer-matrices T{u), with the TQ-equation satisfying. The 
latter equation relates two families with each other and is a key for solving the 
model. 

In 1^ (see also 0|) the expressions for the Boltzmann weights of the 
chiral Potts model were found, that are solutions of the star-triangle relation. 
The i?-matrix S of the model can be represented as a product of four such 
Boltzmann weights. 

Light on the algebraic structure of the Q-operators in the particular case of 
the six-vertex model and its relation to the i?-matrix of the chiral Potts model 
shed the paper by Bazhanov and Stroganov In the A^-th roots of unity (A'' 
is a prime number) they found the iV-dimensional cyclic representation C of 
the Yang-Baxter algebra related to the i?-matrix of the usual six-vertex model. 







The trace over the A^-dimensional quantum space of a tensor product of L- 
operators possesses the properties of the Q-operator. In particular, it satisfies 
the TQ-equation. 

In the paper by Tarasov |6j irreducible cyclic representations of the algebra 
of monodromy matrices corresponding to the i?-matrix of the six-vertex model 
in roots of unity were described. 

Recently the Q-operator came to the centre of attention again. For some 
models of statistical physics it was shown [H, 0, |0 that the Q-operator 
is a quantum analogue of the Backlund transformation. 

In the paper j|] mentioned above the i?-matrix of the chiral Potts model S 
was derived as an operator intertwining tensor products of two cyclic represen- 
tations of the algebra of monodromy matrices, with they multiplying at first in 
one order and then in the inverse order. 

As it was shown by A.Odesskii (unpublished), the four factors generating the 
i?-matrix of the chiral Potts model S are actually intertwiners that provide some 
elementary isomorphisms of cyclic representations of the L-operators algebra. 

In this work we clarify the conditions under which two cyclic representations 
are equivalent and find the corresponding intertwiner. We also solve the same 
problem for two tensor products of a pair of cyclic representations. The obtained 
intertwiners are a generalization of the well-known vertex weights of the chiral 
Potts model and satisfy some modification of the star-triangle equations. 

The plan of the paper is the following. In Section 1 we introduce the no- 
tion of cyclic representations of the algebra of L-operators. In Section 2 we 
discuss different definitions of cyclic representations. In Section 3 we derive the 
TQ-equation. In Section 4 we discuss some special cases of elementary isomor- 
phisms acting on cyclic representations of the algebra of monodromy matrices. 
In Section 5 we find them in the general case. We show that the intertwiners 
of these elementary isomorphisms satisfy a generalized star-triangle relation of 
the chiral Potts model. In Section 6 we write some relations in the algebra of 
Q-operators. In Section 7 we discuss some questions related to possible future 
investigations. In Appendices we prove some formulae used in the paper. 

1 Cyclic representations of the Yang— Baxter al- 
gebra. 

Following to 0] , we introduce the definition of the _R-matrix: 



1 — UUJ 



R{u) 



L0{\ — u) u{l — Lj) 



(1) 



l-UJ 



1 



u 



1 — UUJ 



1 



It is connected with the algebra Uqi-sh) 0, and can be obtained from the 
i?-matrix of the usual six- vertex model by means of a simple tranformation (see 
Section 2). For short we denote M = End so that R{u) = M. 

The algebra of monodromy matrices A is the algebra with generators A{u), 
B{u), C{u), D{u), H, H^^ and relations 



R{u) L (uv) L (v) =L (v) L iuv)R{u), 



[lu(E)H,L{u)]^0, HH-^ 
A{u) B{u) 
C{u) D{u) 



L{u) = 



H-^H ^ 1, 
eM®A, Lu — diag{l,Lu). 



(2) 



The indices '1' and '2' over L denote a two-dimensional space in which the 
corresponding L-operator multiplies by the i?-matrix. At that both L-operators 
act in the same auxiliary space. 

As indicated in 1^, in the algebra A one can introduce the coproduct A: 

A{L{u)) = Li{u)L2{u) <E M® A® A, 

A{H) = H ®H. 

By lower indices '1' and '2' are denoted the quantum spaces, in which the 
corresponding L-operators act. At that the L-operators considering as two- 
dimensional matrices (each matrix element is an operator in one of the two 
quantum spaces), multiply with each other according to the usual rule of mul- 
tiplication of matrices. 

Thus a tensor product of some representations of the algebra ^ is a repre- 
sentation of A too. 

Let us now define the quantum determinant: 



det, L{u) = D{u)A{uuj-'^) - C{u)B{ulj-^). 



(3) 



One can verify that H^^Aetq L{u) is a central element of the algebra A. 

Hereafter we set = 1. As shown in in this case the center of the 
algebra A increases, namely, the following operators become central: 



N-l 



O = A,B,C,D, 



k=0 



and thus we can define the matrix of central elements: 



(A) {B) 
(C) {D) 

One can show |6| that L — L1L2 satisfies the equation: 

A((i)) = (Li)(L2), (dot, L) = det(L}. 
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The A^-dimensional cyclic representation tt of the algebra A has the form 



L{u,pi,p2) 



( C1C2Z — bib2U —u{bid2 — Cia2Z)X \ 

\^ X^^{dib2 — aiC2Z) did2 — aia2LouZ J (4) 
H„^hZ, Pi ^ {ai,bi, a, di),i ^ 1,2. 



The action of the operators X, Z on the standard basis in reads as 
follows: 

Z\k) ^Lu''\k), X\k) \k+l), (fc = 0, ...,7V-l,|iV} EE |0}). 

We also have 

/ cf cf - b^b^v ~v{b^d^ - cf a^) \ 



{L{pi,p2))iv) = 



d^b^ - af cf - a^a^v 



Though in formulae (^) there are eight (in addition to v) parameters, the N- 
dimensional representation depends only on six of them: 
the substitution 

fli Xai, 02 A^^a2, 

Ci Aci, C2 A~^C2, 

bi bi, 62 -> &2, di di, d2 ^2, 

where A is an arbitrary number, does not change the operator L{u,pi,p2)- The 
same is true for the substitution 

bi Xbi, 62 A"^62, 

di — » Xdi, c?2 X^^d2, 

ai ai, 02 — *■ 02, ci— »ci, C2-^C2. 

Apart from, the projective equivalence class of the L-operators depends only 
on four additional parameters, since 

L{Xpi,P2) = \L{pi,p2), L{pi,fip2) = fiL{pi,p2), 

where A, /i are arbitrary numbers. 

Two representations Li{u,pi,p2)L2{u,p3,p4^) and Li{u,p3,pi)L2{u,pi,p2) 
are equivalent if and only if one can choose pi, i = 1,2,3,4, satisfying the 
conditions 

a- 



if ± bf 



A±, (5) 
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where A± independent of i (Appendix The intertwiner given by the equation 

S(P1 , P2,P3,P4:)Li{u, pi , P2)L2 {U, P3,P4) = 
= Ll{u,P3,P4)L2{u,pi,p2)S{pi,P2,P3,P4), 



(6) 



has exphcit expression through Bohzmann weights of the chiral Potts model 



Wpq, Wpq-. 



S(pi,P2,P3,P4) = F{pi,p4-XiX2 ^)G{pi,p3; Zi) 

xGip2,P4:Z2)F{p2,P3;XiX^'), 



(7) 



N 



Gip,q;cj'') = Wpqik), F{p,q;Lj'')^Y.''''^Pi(^y 



2 Cyclic representations of the Yang— Baxter al- 
gebra in the form of Bazhanov— Stroganov. 

ParaUel with the L-operators introduced in the previous section one can consider 
their version related to another choice of the i?-matrix. 
Let us consider the usual i?-matrix of the ice model, 



-1 -1 
X — X U!i ~ UJi 

LOl — UJ^^ X — X^^ 



XLOi — X ^U)i ^ 



(8) 



and corresponding relations in the Yang-Baxter algebra, 

12 2 1 

Rice{x) Lice {xy) Lice (j/) =Lice (j/) Lice {xy)Rice{x). 



(9) 



The A''-dimensional representation of the algebra (H) one can write in the 
following form: 



Liceiy,Pl,P2) 



y ^ciC2Zi - bib2yZ^ ^ -(61^2^1 ^ - cia2Zi)X 

uJiX''^{dib2Z^^ - aiC2Zi) y^^did2Z^^ - aia2UjlyZi 
where the operators Zi, X satisfy the relations 



= 1, 



X 



N 



1, 



ZiX = uiXZi. 



Let us make the following substitution: 
R12 ^ C^\xy)C^\y)R42C2{y)Ci{xy), L^ixy) ^ Ci(a;t/)-iii(xy)Ci(xy), 
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L2{y)-^C^\v)L2{y)C2{y), 



where 



C{y) 



1 
y 



and the index of the matrix C indicates the space this matrix acts in. 

As a resuh of this substitution, the equation RLL = LLR is vaUd, as before. 
At that 



n{x) = 



X — X ^ x{uJ\ — LlI^ "'") 

x~^ {lo\ — iO'^^) x — x~^ 



xlli\ — X ^u:^ ^ 



(10) 



and the L-operator is given by the formula: 

^(2/,Pl,P2) 



jj\y ^{dib2Z^^ ~ aiC2Zi) y ^1^2^^ ^ - aia2wJyZi 

(11) 

It is the last i-operator that was found in the paper Q . We call it the cyclic 
representation of the algebra of monodromy matrices in the form of Bazhanov- 
Stroganov. 

Let us now miltiply L{y) by yZi and introduce the following notations: 



V = y , 



z^zl 



K = uj 



(<T=-l)/2 



Then we obtain the operator (||). At that the i?-matrix becomes (in order the 
equation RLL = LLR being valid as before): 

R{u) = -ljixKiRbs{x)K^\ 

where u = x"^, 

J 

The lower index of the matrix K is denoted the space it acts in. As it can 
be seen without difficult the matrix R coincides with (|l]) and the operator L 
coincides with (||). 

We emphasize that hereinafter we denote the cyclic representations in the 
form of Tarasov by L and the cyclic representations in the form of Bazhanov- 
Stroganov by C in order to avoid a confusion. 

Matrix elements of the i-operators we denote by Lj^ and Cjj^, i,j = 0, 1, 
a, (3 — 0, N — 1, correspondingly. 
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Figure 1: 

3 The Q-operator and the TQ-equation. 

The transfer matrix built with the aim of C{u), 

Q{u) = trQCio{u)C2a{u)..Xno{u), 

where the trace is calculated in the A^-dimensional space, possesses a very im- 
portant property which allows to say about it as about the Baxter Q-operator 
Namely, it satisfies the TQ-equation. Let us prove this statement. 
We consider the equation 

n^^iu)£/;i^iuv)C^:jiv) = £^^(ji)£^J(uv)T^l^:iu). (12) 

It can be shown graphically as in Fig.l. 

If the indices ii, fci are fixed, the equation ( |l2[ ) is an operator in the tensor 
product X C^. Let us act by this operator on the vector tpki-y, that belongs to 
the kernel of the operator £23{v), that is, on the vector satisfying the equation 

A nontrivial kernel of C23{v) there exists only if the spectral parameter v equals 
some special values u = : 

2 cidi 
aibi 
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or 

2 £2^2 
a202 

One can see from Fig.l that the kernel of the operator £23 (w*) is a subspace 
which is invariant with regard to the tensor product £i3{uv^)TZi2{u). In this 
case the supplement of the kernel considering as a coset space is an invariant 
space too. Therefore the matrix of the operator £i3(mw*)7?.i2(u) has a block- 
diagonal form: 

r Pi * 

L P2 

where all blocks are TV-dimensional matrices, and we denote the matrix elements 
inessential for us by the star. Here we introduce the following way of ordering 
of the basis vectors: the first TV vectors generate the kernel and the others N 
vectors generate its supplement. 

Let the following equation be valid under some values of the parameters of 

Pi = (l)iC{uv^X), P2 = (f)2C{uv^X'^). (13) 

Then after multiplying n copies of the operator Ci3{uv^)TZi2{u) in the spaces 
'2' and '3' (see Fig. 2) and taking the trace we obtain the equation 

Qiuv,)Tiu) = 05'Q(uw,A) + 02 (14) 

where 

and T(u) is the usual transfer matrix of the ice model. Making the substitution 

Q{u) = Q{uv,), 

we obtain the TQ-equation. 

It turns out that if we use the definition ( pT| ) for the operator C{v), to make 
the calculations to the end is impossible. This is the case because there is not 
any set of the parameters such as the conditions (^3|) satisfy. 

However, one can redefine the operator C(v) in order the condition ( p^ ) and, 
consequently, the equation (p^, to be valid For that pi has to depend on 
the spectral parameter v and p2 has not to change: 

Pi(v) = {aiv^^,bi,ci,div}, P2{v) = {02,62,02,^2}- 

It is shown in Appendix ^ that Q{u) = Q{u,pi{u),p2) actually satisfies the 
TQ-equation: 

Q{u)T{u) = {u- u-^YQ{uuj) + {uLo ~ uj'^Y Q{ulo-^) . 
Here T{u) is the usual transfer matrix of the ice model. 
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Figure 2: 



4 The elementary isomorphisms in the special 
case. 

We consider two representations of the algebra of L-operators: L{u,pi,p2) and 
L{u,p2,Pi)- Let the parameters pi and P2 be such that these representations 
are equivalent. We introduce the operator G satisfying the equation 

G{Z)L(u,pi,p2) = L{u,p2,pi)G(Z). (15) 

Here G{Z) acts in A^-dimensional space. 

We now consider two tensor products of a pair of cyclic representations: 
Li{u,pi,p2)L2iu,p3,pi) and Li{u,pi,p3)L2{u,p2,P4) (pay attention to the per- 
mutation p2 Pa). Let the parameters pi, P2, Ps, Pa be such that the two 
representations are equivalent. We introduce the operator F intertwining them: 

F{XiX2^)Li{u,pi,P2)L2{u,P3,P4) = 

(16) 

= Liiu,pi,p3)L2{u,p2,Pi)F{XiX^ ^). 

Here F(XiX^^) acts in the iV-dimensional space too. 

It turns out that the conditions (H) are certainly sufficient G and F to exist. 
If they obey, the two operators are given by the following formulae: 

G{Pl,P2]UJ ) _ T-r rfl&2 - aiC2UJ^ , . 

G{pi,p2\ 1) j-J^ bid2 - cia2wJ ' 

f(pi,P2;c^ ) _ yr Uiaid2 - dia2Uj' , . 

F{pi,p2;l) ^J- cih2-biC2Loi 
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Here we denote by G{pi,p2;uj'') and F{pi,p2;uj^) the diagonal matrix elements 
of the iV-dimensional matrices G{pi,p2] Z) F(j)i,p2] XiX2^) in the eigenbasis 
corresponding to each of them (G and F cannot be bringen to the diagonal form 
at the same time). 

In the following section we calculate the two operators in more general case, 
and now we note that the formulae (p^ ) coincide with the formulae (Q). 

The existence of elementary isomorphisms G and F explains the factorisation 
of the i?-niatrix of the chiral Potts model. Permuting the pairs, we obtain the 
chain: 

(P1,P2)(P3,P4) ^ {P1,PZ){P2,P4) (P3,Pl)(P4,P2) ^ (p3, P4) (pi , P2). 

From this the factorisation of the i?- matrix becomes evident. 

5 The general case. 
5.1 The G-operator. 

Let us consider two representations of the algebra of L-operators: L{u,pi,pi) 
and L(u,p2,P2)- We want to clarify when they are equivalent and find the 
corresponding intertwiner which is a generalization of the operator G introduced 
in the previous part. For simplicity we denote this generalized intertwiner by 
the same symbol G. 

The two representations are equivalent if the following equations are valid 
(Appendix |cl): 













^2 ^2 








- a^hr 
















N-N ' 






<6f 


_ „N^N _ 
"1 Ci — 




^2 ■ 



(19) 



We consider the simplest case when we extract the N-th roots by the simple 
striking out the letter N . As the result we obtain the system: 

aifli — 0202, hihi = 62^2, 

Cidi _ 02^2 ^2^2 _ Cidi 

< aibi 0262 ' 52^2 ai^i ' (20) 
didi = d2d2, 

fjNTN _ N^N _ ^NTN _ N j,N 
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We find the operator G satisfying the equation 

GL{u,pi,pi) = L{u,p2,P2)G. 

If the conditions (|2^) obey then the operator G exists. We prove this now. 
Let us make use of the following ansaz: 

G = G{Z). 

We obtain the system: 





f 


G{Z)A^ 


= A2GiZ), 






G{Z)Bi 


= B2G{Z), 


< 




G{Z)Ci 


= C2G{Z), 




< 


G{Z)Di 


= D2G{Z). 


We choose a basis \k), k 




--0,...,N 


- 1 (mod N): 


Z\k) 




L0''\k), 


X\k) = |fc + i) 



It is clear that in this basis the matrix G{Z) is diagonal. Let us find its nonzero 
matrix elements. 

The first equation is 

G{Z) [ciCiZ - bibiu] = [C2C2Z - 62^2""] G{Z). 

We act on the vector |fc) by the left-hand and the right-hand sides and 
compare the coefficients at different powers of u. As the result we obtain the 
following restrictions on the parameters: 

cici = C2C2, bibi = 62^2- (21) 

In the similar way, from the fourth equation, 

G{Z) [didi — aifliOJitZ] = [^21^2 ^ 0252^^^] , 

we obtain that 

didi — ^2^2, aiSi = 0202. (22) 
The second equation is 

G{Z)X-^ [dih - aiCiZ] = [d2&2 - a2C2^] G{Z). 

From this it follows that 

Gico'^^') = f^~''''-KZ G[.% (23) 

0202 - a2C2W'"+^ 
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where by G{bj^), k — 0, — 1, are denoted the diagonal matrix elements of 
the matrix G{Z). 

In the same way from the third equation, 

G{Z) [feiJi - ciaiZ] X = [62^2 - C2a2Z] XG{Z), 

one can easily derive that 

Gi.'^^^) = (24) 

Since G{lu'') has a single meaning it must be 

{dibi - aiciw'=+^)(6i Ji - ciaiw'=+^) = (d2&2 - a2C2w'=+^)(62d2 - C2d2Lu''+'^). 

Comparing coefficients at different powers of w and taking into account (^l|), 
2I), we obtain an additional condition: 

Clrfl , Cirfi C2d2 C2d2 

— r " ^ — r- 

aiOi aiOi 0262 a202 
Apart from, we obtain from the periodicity condition G{lo^^^) = G{lo): 

iNTN N-N jNTN N-N /oc^ 

di 61 - Oi Ci = d2 02 - ^2 C2 • (26) 
Using the gauge symmetries of the L-operators, one can set 

ai = 0,2, bi = 62- (27) 



Then from (|20|) it follows that (|26|), (|2l|), (g^), (g5|) are vahd. 

Thus G(ur) exists and is given by the recurrence relation (p3|). 

One can rewrite G{lo^) in terms of pi, pi without difficult. We substitute 

CiCi 

C2 = 

C2 

into (p6|) and express C2 in terms of pi, pi. 



where we introduce a new function 

A(P1,P2)= ^ ^ ^ ^ 
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From this one can obtain 



G{pi,pi;uj'') _ .fc TT rfibi - aiciw^ 

— — - = Api,pi) M-rr = -■ 

G(pi,pi; 1) ^J-^ dibi - aiCiLuJ 

We emphasize that G depends only on pi , pi. 

So, the found operator G generates an isomorphism of the two representa- 
tions of the algebra of monodromy matrices, L{u,pi,pi), L{u,p2,p2), with the 
parameters p2, P2 expressing in terms of pi, pi in the following way: 

02 = ai, 0,2 = ai, 

62 = hi, 1)2 = hi, 

(28) 

C2 = K{pi,pi)ci, C2^A{pi,pi) ^Ci, 

d2 = A{pi,piy^di, d2 = A{pi,pi)di. 

The operator G found here is a generalization of the operator G in (|^). In 
order to come to such special case we must set 

P2=Pl, p2=Vl- 

At that there is an additional constraint on the parameters pi, pi: 

A{pi,pi) = 1. 

Note. We extract the N-th roots by simple striking out the letter TV. But in 
all probability the general case comes to this one. A complete investigation can 
be transacted by the following way. In order two representations to be equivalent 
it is necessary their centres coincide. However, when we derive our conditions, 
we does not compare all central elements. We must add the condition of equality 
of the corresponding quantum determinants to our system of equations. We do 
not study completely the question about what comes the additional condition 
to. It seems that it can be used for investigating how one must extract the A^-th 
root, and it strongly restricts a number of variants. 



5.2 The F-operator. 

Let us consider two representations of the algebra of L-operators: Li{u,pi,pi)L2{u,p2,p2) 
and 

Li(u, P3, P3) L2{u, P4, P4) . We want to find the conditions under which these two 
representations are equivalent and calculate the corresponding intertwiner. The 
latter is a generalization of the operator F introduced in the previous section. 
The matrix of the central elements; 



{L{u,p,p)) 



NT.N„ 



NJN 



d'^d^ 



N -N 

a a u 



(29) 
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The necessary condition of the equivalence of the two representations is the 
coincidence of their centres. Therefore 



{Li{u,Pi,Pi)){L2{u,p2,P2)) = (il(w,P3,P3))(-^2(u,P4,P4))- 

From this it follows that 

det(Li(u,pi,pi)) • det(i2(w,P2,P2)) = 

= det(ii(M,p3,p3)} • det(L2(w,_p4,P4))- 



(30) 



In Appendix ^ it is shown that from these conditions one can derive the 
following relations between the parameters (we do not consider the trivial case 
P3 = Pi, P3 = Pi, Pi = P2, Pi = P2)- 



■ 6f 6f 




b^b^^ 
















^^2^2 ~ 










C3^rf3^ 








- a^b^ 


C2 U,2 









-arb^ 



b^-c^ 



a^b^' 



(31) 



„NTN 
C2 



'N N°2 Ci "1 "2 



«1 "2 TVIAT 
C2 Oi 



We strike out the letter N again and obtain: 





= 63^3, 


^2^2 = 


6464, 




= a3a3, 


0202 = 


= 0404, 


dill 


= ^363, 


a2C2 = 


= 0404, 


02^2 




Cidi 




a2b2 


a3^3 ' 


aibi 


asbs 


02^2 


Cidi 


04(^4 


_ Cidi 


. 52^2 


0464 ' 


0464 


a-ibi 



(32) 



Let us recall about the gauge symmetries of the L-operator. The substitution 
a — > Xa, a — > X~^a, 
c Ac, c A^^c, 
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b b, b b, d d, d ^ d 
does not change the operator L(u,p,p). The same is vahd for the substitution 

b-^Xb, b^X-^b, 

d ^ Xd, d— >A^^J, 
a —>■ a, a —> d, c —> c, c c. 
Using the gauge degrees of freedom, one can set 

bi = ^3, b2 = 64, ai = 03, a2 = 04. (33) 
From this and from it follows that 



bi = 63, h = &4, ai = 03, 0-2 = 04, 

dl = (^3, J2 = ^4, Ci = C3, C2 = C4. 



(34) 



Apart from the equations satisfy: 



£303 = 0202 — ^, C4a4 = cidi^-— . (35) 
0262 aiOi 



Recalling the formulae (^), we obtain: 



-JV _ 62 "1 "2 '"1 "1 "2 

- 6f crb^-a^dr 



(36) 



•'l '-2 "1 ""2 "1 



», _ ^2 "2 ^1 "-1 "2 ^o~s 



Now we want to find the matrix F intertwining the two representations in 
question. In particular, we want to prove that the conditions (|3^ ) — (37) are 
not only necessary but sufficient for the existence of F. 

So, we write 

FLi{pi,pi)L2{p2,P2) = Li{p3,p3)L2{p4,P4)F. (38) 

We find the operator F in the form F{XiX2^), where Xi, X2 are the matrix 
of shift acting in the first and in the second A^-dimensional spaces correspond- 
ingly- 

As shown in Appendix F actually exists and is expressed in terms of pi , 
Pi, p2, P2 by the formula: 

F(pi,P2;W ) TT C162 - 01^2'^^ 

= n{pi,p2) [[ 



F{pi,P2] 1) ' fj-^ biC2 - dia2Uj3 
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where for the further convenience we define a new function 



N 



We emphasize that F depends only on the parameters pi and p2- 
At that the action of F is given by the formulae 



03 

^3^ 



C3 = ci, 
C3 



^{Pl,P2) 



as = ai, 

da = di , 
C2&1 



04 = 02, 
h = 62, 

C4 = C2, 



62 ' 

„iC?2ai 
02 



C4 = il(pi,P2) 

fi4 = ri(pi,p2) 



04 = 02, 

h = h, 
J4 = J2, 
_i C162 



(39) 



61 

(iia2 

CLl 



It is clear that the obtained expression for F is gauge invariant. 
Recall that the tensor product of two L-operators possesses another symme- 
try. Namely, one can insert the unity between the two factors: 

Li{P3,P3)L2{Pa,Pa) = Li{p3,p3)M'~'^ML2{p4,P4), 

where an arbitrary matrix 2 x 2 is denoted by AI . 
We set 

" 61/62 

M = 

01/02 

We apply the additional symmetry to our L-operators. As the result, we 
obtain the product of new L-operators, whose parameters are expressed in terms 
of pi, pi, P2-, P2 in the following way: 



03 = Ol, 
63 = 61, 
C3 = Cl, 



03 = ^2, 
63 = 62, 



04 = fli, 
64 = 61, 

C4 = C2, 



04 = 02, 
64 = 62, 
3.4 = d2, 



(40) 



C3 = fl{pi,p2)c2, C4 = fl{pi,p2) ^Ci, 

J3 = ri(pi,P2)~^d2, fi4 = ^^(Pl,P2)'il• 



At that the expression for F(w'^+^), of course, is invariable. 
The case considered in the paper [|j , is the special case of the approach in 
question and can be obtained if we set in all formulae 



P3 =Pi, 



P3 =P2, 



P4 = Pi, 



P4 =P2- 
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In particular, it is not difficult to derive the F-operator in (^. At that there is 
an additional constraint on the parameters pi, p2'- 

^{Pl,P2) = 1- 

The found operators G and F satisfy the relation that generalizes the star- 
triangle relation of the chiral Potts model Namely, the equation is valid: 



G(p, q; Zi)F{p, r; XiX^')G{q, f ; Zi) = 
fiF{q, r; XiX^')G{p, /; q'; X^X^'), 



(41) 



where is a constant, and the intertwiners depend on the parameters that are 
expressed in terms of p, q, r by the following formulae: 



b' 



C'q = ^{q,r) ^Cq, 

d' = n{q,r)dq, 



ftp = Up, 
bp = bp, 

c'p = Hp,r')~^Cp, 
dp = Hp,r')dp, 



Up, 



bp = bp 



Cp = K{p,q) ^Cp, 
dp = A{p, q)dp. 



Gq 

Cq 
dq 

CLr 

br - 



= Hp, q)cq, 
-- Hp, qy^dq, 

-- ar, 

br, 

: n{p,r)cr. 



dr = i^{p, r) ^dr- 

The proof of these statement one can find in Appendix 

Note. The stated gives a foundation to say about the existence of a new 
algebraic structure related to the cyclic representations of the monodromy ma- 
trices algebra. 

Let us consider a Hopf algebra with generators Lj{pi,p2), i,j ~ 0, 1, pi,p2 G 
The coproduct is given by 



A 
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The relations in the Hopf algebra: 
G{Pi,P2)mPi,P2) = Ll{pi,p2)G{pi,P2), 

F{p,,p2) {L>^{p,,pi))^ {Li{p2,P2))^ = {LUpuPi))^ (^Li{p2,P2))^F{p,,p2), 

(lUpi^Pi)), (Li(p2,P2))^ = {LUp,,p,))^Mi{M-')r{LUp2,P2))^, 

where an arbitrary two-dimensional diagonal matrix is denoted by M, and the 
parameters in the right-hand sides of the relations are expressed in terms of the 
parameters in the left-hand sides by the formulae (p8|), (|40|). We mean the sum 
over repeating indices. 

6 The algebra of the Q-operators. 

Besides the operator Q{u) introduced in the Section 3 and related to the cyclic 
representations of the algebra of monodromy matrices in the form by Bazhanov- 
Stroganov, one can consider the operator Q{u), 

Q{u) = traLio{u)L2Q{u)...Lkoiu), 

where the trace is calculated in the A^-dimensional space and the cyclic rep- 
resentations of the monodromy matrices algebra in the form by Tarasov are 
denoted by Lio(u). 

The operators Q{u) generate the algebra with the relations following from 
the properties of the operators L{u): 

Q{Xpi,Pi) ^ X''Q{pi,Pi), (42) 

g(pi,/ipi) =/Q(pi,Pi), (43) 

(5(ai, 6i, ci, di, ai, 6i, ci, Ji) = Q(Aai, 6i, Aci, di, A~^ai, 6i, A~^ci, Ji), (44) 

(3(ai,5i,ci,di,ai,&i,ci, Ji) = (3(ai, ci, ^di, Si, ci, ^^^di), (45) 

Q{ai,bi,ci,di,di,bi,ci,di) = 

_____ _ (46) 

= Q(ai,6i, Aci, A ^di,ai,bi,A ^ci,Adi), 

Q{ai,bi,ci,di,di,bi,ci,di)Q{a2,b2,C2,d2,d2,b2,C2,d2) = 

= Q{ai,bi, ci, di, l3di, all, aci, l3di) (47) 

xQ{f3^^a2,a^^b2,a^^C2: P~^d2,d2,b2,C2,d2), 

Q{ai,bi, ci,di,di,bi,ci,di)Q{a2, &2, C2, ^2, 02, h, 02,^2) = 

Q{ai,bi, ci, di, 02, &2, ^C2, fl~^d2) (48) 

xQ{di,bi,fl-^ci,ndi,d2,b2,C2,d2), 
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where a, (3, A, ^ are arbitrary numbers, 

A = A(pi,pi), Vl^Vl{pi,p2). 
One can find the proof of all these relations in Appendix 



7 Discussion. 

We note some questions which can become the topics of the future investigations. 

The approach used in this paper can be applied in more general cases, namely 
it would be interesting to study the elementary isomorphisms intertwining the 
cyclic representations of the monodromy matrices algebra related to the elliptical 
i?-matrix and also the it!-matrix corresponding to the quantum algebra Uq(sln). 

The spectrum of the six-vertex model transfer matrix in roots of unity is 
degenerate Q , . Some finite dimensional representations of the Q-operators 
algebra correspond to non-one-dimensional eigensubspaces of the transfer ma- 
trix. The Q-operators act on these spaces in nontrivial way, since they do not 
generally commute with each other. 

Therefore an investigation of finite dimensional representations of the Q- 
operators algebra given by ( ^2| ) — (^8|) can shed light on the properties of the 
transfer matrix spectrum. 

It is also interesting to clarify the relationship between the algebra of Q- 
operators and the U{A\) symmetry found in the paper jlj]. 
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Appendices. 

A TQ-equation. 

So, we want to find the kernel of the operator, C23{v;pi{v),p2) — £-23{v), where 
pi{v) = {aiv^^,bi,ci,div}, p2 = {02,62,02,^2}. 

We have 

v~^ciC2Z — bib2vZ~^ —v{bid2Z^^ — cia2Z)X 

Luv^^ X {dib2V Z^^ — aiC2V^^ Z) did2Z^^ — aia2LU^Z 
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Hereinafter we use the following basis \a) , a = 0, N — l{mod N): 
Z\a) =oj'^\a), X\a) = \a + 1). 
Let us consider 2A''-diniensional vector 

$1 \ 

$2 j' 



where $2 are A''-dimensional vectors. 

We act on ^ by the operator £23 (t;) and compare the result with zero. We 
obtain: 



r (C1C2Z - bib2v'^Z-^)<Pi - v^ibid^Z-^ - cia2Z)X^2 = 0, 
\ u)X-^v-'^{dib2vZ-^ - aiC2V-^Z)<^i + (did^Z'^ - aia^uj'^Z)^^ = 0. 

It is not difficult to see that this system has a solution if and only if 

2 2 C2CZ2 



(49) 



The vectors generating the kernel are 

/ -d2|a> \ _ 
I 62|a-l) / ' 



02^2 



-d2|0,a) +62|l,a- 1). 



Now we must act on the vectors ^"0, by the operator Ci^{uv^)TZi2{u) (it is 
especially worth to note that here we can employ the usual matrix multiplication 
in the two-dimensional space). 

We write 



£i3(ww*) = 
Then 
C.i:i{uv^)Tli2{u) 



7^l2(u) 



a{u) b{u) 
c(u) d(u) 



a{u)A{uVt) + c{u)B{uv^,) b{u)A{uvt) + d{u)B(uv^:) 
a{u)C{uv») + c{u)D(uv*) b(u)C{uv*) + d{u)D{uv^) 



Acting on the vector by each of the four matrix elements, we obtain, for 
example, 

{tll)l^oc = [a{u)A{uv^)-\-c{u)B{uv^)][-d2\Q,a)+h2\l,a-l)] = 
= —d2{uw — u~^w~^){v~^u~^ciC2C0°' — b-ib2uv^u~°')\0, a)+ 
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+ u{uj - uj-'^){-uv^){bid2LU-'^ - cia2LU°')\0, a)} = 

Similarly, 

(£7^)}*„ = {u- u-^){did2Uj-" - aia2^'+")«'a, 
(£7^)J1'„ = (w - u-^){-v,u){bid2UJ-°'-^ - cia2t^"+i)*„+i, 
{Cnf^^a = (u - u-^)ujv-^u-^{dib2uv^u;^-" - aicsu^^i^^^cj""^)*^.!. 

It is clear that the kernel £23 (ti*) is actually an invariant subspace with 
regard to the operator Ci3{uv^,)TZi2{u). 

It is not difficult to see that the obtained A^-dimensional matrix is propor- 
tional to C{uv^uj): 



Let us now consider the vectors that belong to the supplement of the kernel. 
If we make a factorization by the vectors of the kernel then this supplement 
must be an invariant space with regard to the operator £i3(uu*)72.i2(w). We 
choose the basis 



(£7^)°^'^ {UUJ - U-^UJ-^){v~^U-'^CiC2UJ°' - bib2V^UUJ~°')^'^. 

iCn)l^'^ = {ULU - u-^uj~^){did2LU^-'' - aia2L0^+'')K, 
{Cn)l^'^ = (uij - u-^Lo-^){~v,u){bid2Lo-'^ - cia2a;"X+i, 
(£7^);^'^ = {uuj - u-^uj~^)ujvZ^u-^{dib2Uv^uj-'^ - aiC2M"^w7^w"X 



As in the previous case, it is not difficult to see that the found A^-dimcnsional 



£l3(^i^;*)7^l2(M) 



Ker 




matrix is proportional to £(uu*a; ^): 



£i3(uu*)7^i2(m) 



Ker 



1. 



Thus we obtain that the conditions ( pJ3| ) actually satisfy. At that 

A = CJ, (pi = U — U^^, 4>2 — UUJ — U^^UJ^^ . 



As the result, the TQ-equation is valid: 



Q{u)T{u) = {u- u-^YQ{uu) + iuu - u-^uj-^)'' Q{uuj-^), 



where 



Q{u) = tr^ Ci3{u)£i,3{u)...Ci(„)3{u). 
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B The conditions of the equivalence of repre- 
sentations. The Ferma curve. 



Let N be odd. 

We now prove that the representations Li{u,pi,p2)L2{u,p3,p4) and Li{u,p3,p4)L2{u,pi,p2) 
are equivalent in the general case if and only if we can choose pi, i — 1,2, 3, 4, 
satisfying 

a:- 



cf ± df 

For the convenience we make the following substitution 



(50) 



a: 



N 



di. 



We have 



{L{u,pi,P2)) = 
{L{u,P3,P4)) = 



C1C2 - bib2U -u{bid2 - cia2) 
dib2 — aiC2 did2 — aia2U 



(51) 
(52) 



P: 



— b^b^u —u{b3di — 0304) 
^364 — 0304 d3d4 — a^a4XL 
Two representations Xtt, L-^i are equivalent if there exists an isomorphism 



that is, elements of L-^ and L^r' are in one-to-one correspondence. 
The central elements {L^^) and (£7^') must coincide Q. 
If 77 = TTi X 7r2, tt' = 772 X TJ"! , then 

From this it follows that 

{L{u,pi,p2)){L{u,P3,P4)) = {L{u,P3,p4)){L{u,pi,P2)). 

Multiplying the matrices we obtain five equations. Only three of them are 
independent: 

u ^ „ „ u ^ „ „ 

s, (53) 
q, (54) 
(55) 

1^3 "4 — <-3"4 

where s, q, r are arbitrary constants. 



bid2 


- cia2 


_ 63^4 


~ 2304 


dib2 


- aiC2 


dsbi 


- a3C4 


0102 


- 61 &2 


_ asUi 


- 63^4 


bid2 


- cia2 


bsdi 


- 0304 


C\C2 


- C?ld2 


C3C4 


- ^3^4 


b\d2 


- cia2 


b^di 


- 0304 
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We want to find the constraints on pi under which this system has solutions. 
We have: 

bid2 - Cia2 = s(di&2 - aiC2), 

0102 - 6162 q{bid2 - C102), (56) 

C1C2 - ^1^2 = r{bid2 - C1O2). 

It turns out that ( |56| ) can satisfy if pi and p2 are points of the curve obtained 
by crossing of two planes (the projective symmetry of the operator L): 



1,2. 



{aiOi + j3ibi + jiCi + 5idi = 
a2ai + P2bi + 72Ci + S2di = 

Let us find these planes. We have from the last system: 

{Oj = AjCj + fiidi, 
bi = ViCi + rjidi 

We substitute (|5^) into (p6|) and obtain the equations for coefficients: 



(57) 









A2 = 


sAi, 




Vl = 


M2, 




V2 = 


Ml, 




1 = - 


-rX2, 




-1 = 


: r?7i. 






M2, 




Ai A2 


- 1^11^2 


= -9A2, 




- '7i?y2 


= Wl, 


AiAi2 


- ;^i7?2 


= qvi - qn2 


. M1A2 


- ^27?1 


= 0. 
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Solving the system, we find: 

1^1= 1^2= 
^1=1/2 = v, 

Vi = h = ^, 
Ai = ?72 = V, 
A = -1/r, 
vii={q + r])X, 
^ s = l. 

Apart from, since the points pi and p2 he on the same curve, it must be 



Ai — A2 — A, 
Consequently, 

As the result, 



111= ^12 = n, 

A = r?, 



l/l = Z/2 = V, 



II. 



a\ + b\ _a2 + 62 

Ci + rfi C2 + C?2 ' 

Similarly, it must be 

as + &3 _ 04 + hi 

C3 + ^3 C4 + ^4 

We return to the old notations: 



ai — hi 02 - 62 



ci - di 

as - hs 
C3 - ^3 



C2 - C?2 

04 — 64 
C4 — di 



Pi 



1,2,3,4. 



In principle, the points ^1,^2,^3, P4 can be related in two different ways: 



N 



-,N 



1) 



2 ±^2 



±6: 



N 



4 ±^4 



gf ±6f 

cf ±< ~ c^±d^ ~ 4±d^ ~ cf ±<^ 



±6. 



AT 



3 



c\' ± cl\' C2 ± rf^ Cg ^ flg c: 
This can be explained by the existence of two roots of the equation 



However, one should recall about symmetries of the operator L{u,pi,p2)- 
one can substitute 



61 Xbi, 



di Xdi, 



X-^d2 



at that L{u,pi,p2) does not change. With the aim of such substitution, where 
A = — 1, the curve 2) reduces to the curve 1) (recall that A'' is odd). 
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C The conditions of equivalence of representa- 
tions in the general case. 

We introduce the notations: 



(58) 



4, = d^b^, 






/? = 


b^W, 


r N-N 

= a a , 






A = 


c^d^ 


a^6^' 


a^b^ 



Then {L(u,p,p)) can be written in the form 
{L{u,p,p)) 



f3u 



tp — — Su 



(59) 



We consider two representations of the algebra of L-operators, L(u,pi,pi) 
L{u,p2,p2), and want to find the conditions under which they are equivalent. 

The necessary condition of the equivalence of the two representations is a 
coincidence of centres of these representations. We have: 

{L{u,pi,pi)) = {L{u,p2,P2)). (60) 

We obtain from this by comparing coefficients of the different powers of u: 

Si ^ S2, Pi = P2, 01 - V^i = 02 - ^"2, (61) 

Al01 A2 02 



Ipl V'2 

In addition to this, from (pfl) it follows that 



(62) 



det {L{u,pi,pi)) = det {L{u,p2,P2))- 

In this equation the left-hand and the right-hand sides are polynomials of 
the second powers of u. The roots of the left polynomial: 



ui = Ai, 

The roots of the right polynomial: 

U2 = A2, 



U2 = ^J■2■ 



It is clear that the roots of the left-hand and the right-hand sides must 
coincide. We consider the following case: 



Ai = M2, 



Ao 



Ml- 



(63) 
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Rewriting (|6ll) — (|6^) in terms of a^, bi, a, di, we obtain 







= 






































- af cf = 




C2 . 



We now consider two representations of the i-operators algebra: Li{u,pi,pi)L2{u,p2,P2) 
and 

Li(u,p3,p3)L2{u,p4,p4j. We want to find the conditions under which these two 
representations are equivalent. 
We have: 

det{Li{u,pi,pi)) ■ det{L2{u,p2,P2)) = 

(64) 

= det{Li{u,p3,p3)) ■ det{L2{u,p4:,p4)). 

Each determinant is a square polynomial with regard to u. It is not difficult 
to find its roots. They are 

u — X, u — fi. 

As the result, we see that the left-hand side of ( [70| ) vanishes if ui — Ai, 
ui — fii, U2 — A2, U2 — fJ-2, and the right-hand side vanishes if 1*3 = A3, 

U3 = M3, U4 = A4, U4 = ^4. 

It is clear that the left and the right roots coincide. We consider the following 
case: 

A*2 = A3, ^1 = /i3, A2 = A4, Ai = /i4. 

We have: 

{Li{u,Pi,pi)){L2{u,p2,P2)) = {Li{u,P3,P3)){L2{u,P4,P4)), (65) 
Ml, Al /i2, A2 /il, /i2 Al, A2 

that is two roots Ai and /i2 change trade. 

Let u = A2. We act from the right on the vector ^I^i (the right zero vector 
of the operator {L2{X2,P2,P2))) by the both sides of the equation (|65|): 




(L2(A2,P2,P2))*1 = 0. 



This vector is the right zero vector for {L2{\2tPAtPa)) too. Consequently, the 
following equation is valid: 

§2 _ <^4 
V'2 V'4' 
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Let now u — ^i. We act from the left on the left zero vector ^'2 of the 
operator by the both sides of the equation: 



*9 



*2(il(Ml,Pl,Pl)) = 0. 



Since this vector is the left zero vector of the operator 733,^3)), we 

have 

01 _ ^ 
Pi ~ 133' 

It is clear that ( psj ) is valid if we insert between the two factors in the right- 
hand side the unity 1 — MM^^, where M is a two-dimensional matrix: 



M 



nil 

1712 

Using this gauge symmetry, one can set 

/33=/3l, (54 = ^2, 

from which it follows immediately that 



Multiplying the matrices in ( |65| ) and comparing coefficients of the powers of 
u, it is not difficult to see that 



Pi = 02, S3 = Si, 

M2V'l 



-03 = 04-, , , 
Al02 

1P3P2 - (5104 = i^lf32 - (5l02. 



From the two last equations we obtain 

Ai02(/320'l - <5l02) 



fp3 



lJ-2'^liMl - Sl(f)2) 



/32/^2V'l - Ai(5i02 P2fJ'2tpl - Ai(5i02 

Collecting all obtained equations we have in addition to (|66|) 



(66) 



91 = ^3, 
= M3, 



/34, 


Si 


= -53, 


S: 


0^2 


= 0^4, 


M2 


= A3 


A2 


— A4, 


Ai 


= M4- 
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D The operator F. 



The matrix equation ( pq ) can be written in the form of a system of equations 
corresponding to the four matrix elements. We have: 



Li{pi,pi)L2ip2,P2) 





' A2 


B2 ' 




. ^2 


D2 _ 



Ai Bi 

A1A2 + B1C2 A1B2 + B1D2 
+ DiC2 C1B2 + D1D2 

As the result, we have the system: 

f F{XiX^^)[AiA2 + B1C2] = [^304 + B3C4]FiXiX^^), 
F{XiX^^)[AiB2 + B1D2] = [A3B4 + B3D4]F{XiX^^), 
F{XiX^')[CiA2 + D1C2] = [C^ai + DsCiMX^X^^), 
[ F{XiX^^)[CiB2 + D1D2] = [C3B4 + D3Di]F{XiX^^). 

We choose a basis |fci, k2), fci, A;2 ~ 0, — 1 (mod N): 

Xi\h,k2)^Lu''^\h,k2), A2|fci,fc2) -^'=^|fci,A:2), 

Zi\ki,k2) = |fci - 1,^), Z2\ki,k2) = \ki,k2 - 1). 

In this basis the matrix F{XiX2^) is diagonal. Let us computate its nonzero 
matrix elements. 

Substituting the expressions for Aj, B^, C^, Di, i — 1,2^ we have, for exam- 
ple, for the first equation: 

F{XiX2^) [{ciCiZi - bibiu){c2C2Z2 - &2&2W)- 

-u{bidi - ciCLiZijXiX^^ {d2h2 - a2C2^2)] = 
= [(C3C3Z1 - hJ)3u){ciCAZ2 - bAbAu)~~ 

-u{b3d3 - C3a3Zi)XiX2^{d4bi - 0404^2)] F{XiX2^). 

Opening the parenthesis and acting by the left-hand and the right-hand 
sides on the vector |fci, ^2) and comparing coeflicents of the linearly independent 
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vectors and different powers of u, we obtain: 

C1C1C2C2 = C3C3C4C4, 

&1 Jld2^2 = 63(^3^4^4, 

ciaia2C2 = 03030404, 

fe+U _ &3C4(4Q4t^''"'"^ 



6102(^1020^ 



fe+i 



63C4) p. fc. 0162(01^2^^+^ - 0162) .fc^ 



^lC2) 



€364(03^4^ 



C3^4) 



where Fioj^), fc = 0, ...,iV — 1, are tlie diagonal matrix elements of the matrix 
F. 

Using the obtained restrictions on Oj, 6^, Cj, dj, we can reduce this system 
to the smaller one: 



C1C2 = C3C4, 
Jid2 = dsdi, 

dza^uj'^^^ — 63C4 



F{uj 



dia2Uj 



k+l 



61C2 



, _ airf2C^^+' - C162 , fc. 



a^diLO 



One can easily see that the second equation can be derived from the first if 
we use the constraints 



03^3 = C2d2 



0262 ' 



04(^4 = Cirfi 



02^2 

Si 61 



Since F{uj'^) has a single meaning, we must to equal the two fractions in 
terms of which F{u)'') is expressed. We obtain: 

(^304^''+^ - 63C4)(a3rf4w''"''^ - C364) = (rfia2w''+^ - 6iC2)(aid2w''+^ - 0162)- 

Comparing coefficients of different powers of w, we obtain: 

aidia2d2 = asdsUidi, 
61C162C2 = 63C364C4, 



01610262 



Clrfl ^ C2d2 
0161 0262 



= 04640363 



Csds Cid4 



If we take into account the restrictions on Oj, hi, Ci, di again, then we have 
from this: 

C1C2 = C3C4, (67) 



that is, the same that earlier. 



28 



We also have from the evident equation 
that 



cf 6^ - = c^&f - «f <■ (68) 



We now prove that (|67D, (|68D follow from (|33|)-(g7D. We have: 



N-N 



jNT,N _ "1 "2 "2 '^2 ''I "l "2 



Expressing from this and d;^ and substituting them into (pq), we obtain the 



identity. Apart from, we have: 



C3 C2 ai5i 



^4 rfi 0262 

Multiplying the last equation by 

J - J ^262 

C4d4 = Cidi^^, 



we obtain (|6 
Thus, 



^ ^ Y af d2~ - cf 61C2 - Jia2u;fc+i 

E The star-triangle equation. 

Here we prove the star-triangle equation, 

GiZi)F{XiX^^)G{Zi) = tiF{XiX^^)GiZi)F{XiX-^), (69) 

and find fi. 
So, we have: 

ip,q){r,s) {p,r')(q',s) ^ {r" ,p'){q' , s) 

iG Fi 
{q,p)ir, s) {q,f){p",s) (r",g")(p",s) 
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Now if r" , g", p', obtained in the two different ways, coincide exactly within 
the gauge trasnformations, then the equation (^) is actually valid. 
We recall the definition of the fuctions A(pi,p2), f^(pi,P2): 



Let us make all computations for the first chain: 

F 

1- iP,q)ir,s) > {p,r'){q',s). 



We have: 



Or, a' 



9 ~ 

4 = 17(g,r)-i(i,, d'g^niq,r)dg. 



2. (p,r')(9',s)^(r",p')('?',s)- 
We have: 



— ^ dp — Qjp J 

h" — h' h' — h 

Uj, — Uj,, Up — Up, 

c'l = A{p, r')cl, c'p = A(p, r')-icp, 
< = A(p, d'^A{p,r')dp. 



3. (r",p')(9',5)-^(^",9")(p",s). 
We have: 



Now we make all computations for the second chain: 

G 

1- {P,q){r,s) > {q,p){r,s). 
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We have: 



(Xq Qg, dp — (Jp, 

bq = bq, bp = bp, 

Cq = A{p, q)cq, Cp = A{p, qy^Cp, 

dq ^ A{p,qy^dq, dp^A{p,q)dp. 



2. {q,p){r,s)^{q,r)ip'\s) 
We have: 



5,. = br, 6p = 6p, 

= l^(p,r)cr, c'^ = Vl{p,ry^Cp, 
dr — ri(p, r)~^dr, dp — il{p, r)dp. 



3. (g,r~)(p",s)-^(r",g")(p",s). 
We have: 



a;' 


= dr, 




= aq. 


6" 






= bq. 


c" 


= A(g, f)cr, 


c" 


= A(^,f)-icq, 


< 


= A{q, f)-^dr, 







It remains to verify that the obtained L-operators actually coincide. Com- 
paring the parameters r", q" , p" , obtained in the two different ways, we conclude 
that the equation (^ ) satisfies if 

A{p,r')n{p',q')=A{p,q)n[p,r), 

(72) 

n{q,r)A{p,r') = n{p,r)A{q,f). 

It is not difficult to show that (^2[) satisfies identically. Thus, we prove ( p9[ ) 
for some unknown /i. We now find/?^. 
It is clear that 

N ^ det G{p, q) ■ det f (p, r) ■ det G{q, f) 
^ det F{q,r)-Aet G{p,r')- det F{p',q')' ^ ' 

One can derive the determinants G{pi,p2) and F{pi,p2) without difficult. 
Each of these matrices can be reduced to the diagonal form (not at the same 
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time), with in each case the diagonal matrix elements being given by the fol- 
lowing formulae: 



G{pi,p2;l) \d^b^-a^c^J fJ^bid2-cia2UJ^' 

f(pi,P2;C^') ^ / b^C^ - d^a^ \ ~X c,b2~ aid2LU^ 

F{pi,p2;l) Wb^-a^d^J 6iC2 - (iiaaa;^ ■ 

We set 

G{pi,p2;l) = F{pi,p2;l) = 1. 

Then 

^NuN _ „N^N li li !, J, 



bU2 




d?b^ 




b^c^ 




c?b^ 





det G{pi,p2) 



61^2 - cia2UJ^ ' 

k=l j = l 

N-1 k 1 , i 

C1O2 — aid2UJ-' 



61C2 - dia2U>^ ' 

k=l ] = 1 

F The relations in the algebra of the Q-operators. 

The relations in the Q-operators algebra follow from the properties of the cyclic 
representations of the i-operators algebra. We now prove this. 

The relations (||), (||), (||), (||) become evident if we recall that 

Q{u) = troLio(u)L2o(w)...i„o(w), 
and the following symmetries are the case: 

L{Xpi,pi) = XL{pi,pi), 
L{pi,fipi) ^ fiL{pi,pi), 
L(ai,5i,ci,di,ai,&i,ci,di) = L(Aai, 61, Aci, di, A"^ai, &i, A~^Cg, Ji), 
L{ai,bi,ci,di,ai,bi,ci,di) = i(ai, ^5i, ci, /zdi, ai, ci, 

where A, /i are arbitrary numbers. 

The relation ( p9|) follows from another symmetry: 

Li{pi,Pi)L2{p2,s) = Li{pi,pi)MM^'^L2{p2,s), 

or, in more details, 

Li{ai,bi,ci,di,ai,bi,ci,di)L2ia2,b2,C2,d2,a2,b2,C2:d2) = 

= Li (oi , 61 , ci , di , Pdi , abi , aci , (3di ) 

xL2{P''^a2,a~^b2,a^^C2, P~^d2,a2,b2,C2,d2), 
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where a, (3 are arbitrary numbers. Here 




The relation (^8|) is obtained from the equation 
GL{ai, bi, ci, di, ai, bi, ci, di)G^^ — L{ai, bi, Aci, A~^di, ai, 61, A~'^ci, AJi), 
where 

and the relation ( ^0[ ) is obtained from 

FLi{ai,bi,ci,di,di,bi,ci,di)L2{a2,b2,C2,d2,d2,b2,C2,d2)F~^ = 
= ii(ai, 61, ci, (ii, 02, 62, ^C2, ri"M2) 

xL2{di,bi,rt^^ci,Q,di,d2, h, C2, (^2), 

where 
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